Abstract. We verify the Invariance Conjectures of tautological equations [7] in genus two. In particular, a uniform derivation of all known genus two equations is given.
Introduction
The purpose of this paper is to verify the genus two case of Invariance Conjectures of tautological equations proposed in [7] . In particular, applying Theorem 5 in [8] (i.e. Conjecture 1 in [7] ) and E. Getzler's Hodge numbers calculations [4] , we are able to give a uniform derivation of all known genus two tautological equations: Mumford-Getzler's equation, Getzler's equation [4] and Belorousski-Pandharipande's equation [2] . This, combined with [5] in genus one and [1] in genus three, shows that this method generates and proves all known tautological equations. 0.1. Review of the Conjectures. Some ingredients in [7] are needed in our calculations.
• The elements in the Q-tautological algebra R k (M g,n ) are the tautological classes of codimension k in M g,n . The notation (g, n, k) will be used to denote the triple (genus, number of marked points, codimension).
• Any tautological class can be represented by a linear combination of decorated (and labeled) graph Γ. See Section 1 in [7] . We use a special notation of graphs, called gwis, which are explained in Section 3.1 in [7] .
• The operators
are defined in Definition 2 of [7] as operations on decorated graphs. Note that the image lies in the moduli of possibly disconnected curves, with at most two connected components.
Let i c i Γ i = 0 be a tautological equation in codimension k strata in M g,n . The Invariance Conjectures in [7] are: Let E = i c i Γ i be a given linear combination of codimension k tautological strata in M g,n and k < 3g − 3 + n, with c i unknown variables.
Conjecture 2. If r l (E) = 0 for all l, then E = 0 is a tautological equation.
Conjecture 3. Conjecture 2 will produce all tautological equations inductively.
The second author is partially supported by NSF. 0.2. The algorithm of finding tautological equations. A general algorithm of finding the tautological equations, based on Conjectures 2 and 3, is explained in [7] Section 2. Since these remain conjectural, one possible alternative to the general scheme is to
• Calculate the rank of R k (M g,n ) to see if there is any new equation.
• If there is one, then apply invariance condition equation (1) to obtain the coefficients of the equation.
Since Theorem 1 gives a necessary condition, this proceedure gives a proof of the generated tautological equation.
Main results.
Theorem 2. Invariance Conjectures hold for (g, n, k) = (2, 1, 2), (2, 2, 2), (2, 3, 2) . In particular, a uniform derivation of all known genus two tautological equations is given by invariance condition (1).
Remark. As explained in [7] and [8] , our calculation in terms of gwis can be translated literally into one for any (axiomatic) Gromov-Witten theories. Therefore, it completes (the write-up of) a proof of the genus two case of Virasoro conjecture in the semisimple case and of Witten's conjecture (on spin curves and Gelfand-Dickey hierarchies).
The system of equations (2), (3), (4), (5), (6), (7) , and (8) 
2.2. Setting r 1 (E) = 0. The routine calculation of r 1 (E) is omitted. Again, a basis will be chosen and the components set to zero.
are related by WDVV equations. There are 4 independent vectors.
All of the other remaining terms are related to each other via WDVV, TRR's and Getzler's genus one equation. After applying the above equations, one can write them in terms of a basis.
Solving equations (9)- (46), we can write all of the coefficients in terms of c 1 : 2.3. Checking r 2 (E) = 0. Again, one has to pick a basis and check all components vanish.
The 7 vectors
are related by WDVV equations. 4 of them are linear independent.
All of the remaining strata are related by WDVV equations. Only 3 of them are linearly independent.
Therefore, r 2 (E) = 0.
Calculating r 3 (E)
. Since l = 3 case is new, the calculation is presented.
The other graphs all have r 3 (Γ) = 0.
2.5. Checking r 3 (E) = 0. Now the r 3 (E) has only a few independent strata.
The remaining strata, which are all equivalent as codimension 4 classes in M 1,4 , have coefficient
3.1. Strata in M 2,3 of codimension 2. Throughout this section, we will always assume that the three external labelings x, y, z are symmetrized. Using Mumford-Getzler's and Getzler's equations for genus 2, all genus 2 terms with more than one descendent can be rewritten in terms of the others. Also, using TRR's, all genus 0 or 1 terms with a descendent can be rewritten in terms of the others. We are therefore left with 21 strata which could be independent.
Setting r 1 (E) = 0. Again a basis is chosen for the output graphs of r 1 (E), and the coefficients are set to zero. (62)
c 3 − 2c 9 − c 9 + c 11 = 0.
(64) (65) 
